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Multifaceted phase ordering kinetics of an antiferromagnetic spin-1 condensate
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We study phase domains coarsening after a quench of a weak magnetic field in a quasi one-
dimensional spin-1 antiferromagnetic condensate. The system concurrently realizes two independent
models of phase ordering kinetics, namely the binary mixture and vector field. We derive boundaries
of clear realization of the two models and confirm that the correlation length’s grow obeys scaling
laws predicted by them. We demonstrate an appearance of previously unobserved scaling laws which
emerge in intermediate regions.
PACS numbers: 3.75.Mn, 03.75.Kk, 03.75.Lm
Introduction.– The theory of phase ordering kinetics
states that the growth of order occurs through the coars-
ening of phase domains, when the system is quenched
from homogeneous to broken-symmetry phases. The typ-
ical length scale of the phase domains increases then with
time. According to the dynamic scaling hypothesis it is
due to a global change of scale. In a homogeneous system,
the typical size of phase domain is characterized by the
correlation length L(t), which one itself can be defined
as the half-width of the equal-time correlation function
for the function φ(x, t),
g(1)(x, t) =
∫
dx′
〈
φ(x′ + x, t)∗φ(x′, t)
〉
. (1)
Angle brackets in Eq.(1) indicate an average over initial
conditions representing a disordered state. In the mo-
mentum representation 〈φ(k, 0)∗φ(k′, 0)〉 = ∆ δ(k − k′),
and ∆ sets the size of initial fluctuations in the field φ.
The scaling hypothesis implies that due to existence of
the one characteristic length scale L(t), the correlation
function is just one-parameter dependent, i.e. g(1)(d, t) =
f (d/L(t)). Therefore, the central interest of the the-
ory is in the time evolution of the correlation length,
and whether this function follows universal scaling laws
L(t) ∼ t−zd . Further, if yes, what is the value of the dy-
namical critical exponent zd. The importance attributed
to zd stems from its universal character. Since critical
exponent does not depend on microscopic properties, it
reveals general features of an entire class of systems [1].
Kinetic models for derivation of particular scaling func-
tions were extensively studied and established in 1990s.
The models were devoted to classical systems and the
general framework associated with the Hohenberg and
Halperin A-J classification of dynamic critical phenom-
ena [2] made the theory more universal. Several systems
belonging to the same dynamical class of models exhibit
the same universal scaling laws determined by physical
mechanism embedded into them. The phase ordering
kinetics, for example is governed by the H model for bi-
nary liquids, in which hydrodynamic processes dominate.
On the other hand, the B model associated to vector
fields is controlled by diffusion processes mainly. Even
though both models are conservative, the scaling expo-
nents corresponding to each of them are different. Nowa-
days, the subject of phase ordering kinetics has been re-
vived in ultra-cold quantum gases. The majority of works
were devoted to two- and three-dimensional spin-1 ferro-
magnetic condensates [3–12] or binary Bose condensates
[13, 14], including driven-dissipative systems [15, 16], and
they confirmed the standard scaling [1, 17–21]. The topic
in one-dimensional systems is poorly explored so far. It
might in fact reveal unconventional [22] behaviour as tor-
sion of domains walls is absent and weak domain-wall
interactions are still present.
In this letter the phase ordering kinetics is investigated
in a quasi one-dimensional antiferromagnetic spin-1 con-
densate. The sudden quench of a weak magnetic field
leads to the transition from antiferromagnetic states to
a state, where domains of atoms with different spin pro-
jections separate. We have performed numerical calcula-
tions, within the truncated Wigner approximation, and
made quite interesting observations. The scaling hypoth-
esis holds for any regime of parameters. However, on the
longest time scales the corresponding scaling exponent is
not always zd = 3, as one might suspect for conservative
model from a brief overview of domain coarsening theory
[1, 23]. Instead, the whole variety of scaling exponents
are observed. Their values lie in the range from 4 (with
or without a logarithmic correction), to 3/2, depending
on the system’s parameters. The characteristic length
L(t) can be even subject to multi-scaling behaviour in
time [24, 25]. The reason for such multifaceted phase or-
dering kinetics is that the spin-1 antiferromagnetic con-
densate can realize the H or B models independently, or
both of them simultaneously. Even a unique study of the
interplay between models can be made. This is interest-
ing because to date studies of the phase ordering kinetics
attributed a system’s behaviour mainly to one particular
scaling law characterised by one particular model. Nat-
ural questions arise whether distinct models, and hence
their physical mechanisms, are mutually compatible, or,
under what conditions they co-occur. Based on a spin-
1 antiferromagnetic system we characterize and classify
puzzling appearance of scaling exponents. We calculate
2FIG. 1. The mean-field ground state structure versus the pa-
rameter q for positive magnetization and spin healing length
ξs = ~/
√
2mc2ρ smaller than the linear system size. (i)
The antiferromagnetic state (2C) with ~ψ2C = (ψ1, 0, ψ−1)
T
when q < q1 =
1
2
(M/N)2, (ii) the phase separated state into
2C and ρ0 domains, the latter with ~ψρ0 = (0, ψ0, 0)
T , when
q ∈ (q1, q2), and (iii) the phase separated state into ρ0 and
ρ+ domains, the latter with ~ψρ+ = (ψ1, 0, 0)
T , when q ≫ q2.
The antiferromagnetic state is dynamically stable, it remains
a local energy minimum, up to qc = 1−
√
1−m2. The vertical
thick lines in (ii) and (iii) illustrate domain walls.
borders for the two limit cases in which the B and H
models can be realized in their clear forms. In the re-
gion between the two border lines, both models co-exist
leading to various scaling laws of which scaling exponents
smoothly change among the two limit cases.
Model and methods.– A homogeneous spinor Bose-
Einstein condensate of N sodium atoms is considered
[26, 27]. The system is represented by the vector ~ψ =
(ψ1, ψ0, ψ−1)T , whose components describe atoms in the
corresponding Zeeman levels numerated by the magnetic
number mF = 0,±1. We assume a ring-shaped quasi-
one-dimensional geometry with periodic boundary con-
ditions, where transverse degrees of freedom are confined
by a strong potential with frequency ω⊥. The Hamilto-
nian of the system is
H =
∫
dx
[
~ψ†
(
−
~
2
2m
∇2 + qc2ρf
2
z
)
~ψ +
c0
2
n2 +
c2
2
F
2
]
,
(2)
where m is the atomic mass, n =
∑
nmF =
∑
ψ†mFψmF
is the local atom density and F = (ψ†fxψ, ψ†fyψ, ψ†fzψ)
is the spin density with the spin-1 matrices fx,y,z. The
spin-independent and spin-dependent interaction coeffi-
cients, c0 and c2, are both positive for sodium atoms.
Namely, they are c0 = 2~ω⊥(2a2 + a0)/3 and c2 =
2~ω⊥(a2−a0)/3, where aS is the s-wave scattering length
for pairs of colliding atoms with total spin S [26]. In
Eq. (2) the term q c2ρ is the quadratic Zeeman energy,
very important in determining the system ground state
which is presented in Fig.1. The parameter q can be
controlled using the magnetic field B or the microwave
dressing [26]. The Hamiltonian conserves the total atom
number N =
∑
mF
NmF and the magnetization which is
a difference between the number of atoms occupying the
extreme Zeeman levels, i.e. M = N1 −N−1.
In order to simulate domains coarsening, we describe
dynamics of the system on the mean-field level by solving
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FIG. 2. Evolution of the normalized density (a, b) and
the phase (c, d) of wave function describing atoms in the
mF = 0 Zeeman component, where N = 10
4, ω⊥ = 1000Hz,
ρ = 14.3µm−1 and (M, q) = (N/2, 0.5) (left column), and
(M, q) = (0, 1.2) (right column). We introduced the charac-
teristic time τ = ~/c2ρ and length ξs = ~/
√
2mc2ρ scales,
which are ξs = 9.3µm and τ = 63.2ms for parameters used
here. The evolution can be divided into three stages: (i) cre-
ation of domains seeds followed by spin domains formation
usually at t = 10τ , (ii) early dynamics characterized by the
fast reduction of domains walls area, and (iii) further dynam-
ics leading to domains merging on the longest time scale.
the time-dependent Gross-Pitaevskii (GP) equations [28].
The evolution starts from the antiferromagnetic ground
state when q < q1. To obtain the initial state for an
arbitrary chosen value of M , all atoms are prepared in
the polar ground state ~ψpgs = (0, ψpgs(x), 0)
T first. This
state is then subject to double rotations: (i) a spin-1
rotation eifypi/2, which produces the intermediate state
eifypi/2 ~ψpgs =
ψpgs√
2
(1, 0,−1)T , and (ii) a rotation e−iσyθ
through angle θ that is performed on the mF = ±1
levels around the y-Pauli matrix σy . The above proce-
dure leads to ~ψM =
ψpgs√
2
(sin θ+ cos θ, 0, sin θ − cos θ)T ,
and the desired state for given M is constructed when
2θ = arcsin
(
M
N
)
. The state for an arbitrary magne-
tization can also be prepared experimentally by apply-
ing the two subsequent electromagnetic pulses [29]. In
our calculation, stochastic white noise with a variance
of ∆ = 12
particle
momentum mode in the initial
~ψM to all there
Zeeman components is added according to the Wigner
method [30]. The noise is necessary to seed the forma-
tion of symmetry-breaking domains.
At t = 0 the quadratic Zeeman shift is immediately
set to a fixed value q > qc. The growth of domains fol-
lowed by their coarsening is observed, as illustrated in
Fig.2. The initial exponential growth coming from un-
stable modes, is well understood [31]. Here, we study the
long times phase ordering. We focus on the evolution of
the correlation length [32], when the mF = 0 Zeeman
state wave function ψ0(x), being a solution of the GP
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FIG. 3. Universality and multi-scaling behaviour in the effec-
tive vector field regime for N = 104, M = N/2 and q = 0.5.
(a) The half width of correlation length l1/2 versus time given
for the linear densities ρ = 14.3, 10, 2, 1µm−1. These are
marked by black solid, red dashed, green dot-dashed and blue
dot-dot-dashed lines, respectively. (b) The variation in time
of the order parameter which we defined as the fraction of
the atom number in the mF = 0 component. The bottom
panel shows re-scaled values of points in (a) using scaling fac-
tor t1/2 in (c) and (t/lnt)1/4 in (d). The very initial times
of domains nucleation are shaded.
equations, is taken in the place of φ(x) in (1).
Macroscopic magnetization.– The characteristic time
τ = ~/(c2ρ) and length ξs scales allow ones to demon-
strate the universality of the correlation length growth.
It is shown in Fig.3(a) for macroscopic magnetization
M = N/2 and various densities of the system. The
increase of l1/2, which here is exposed to multi-scaling
behaviour, reveals an exponential growth typical for the
vector models [1]. Those models predict L(t) ∼ t1/2 and
L(t) ∼ (t/lnt)1/4 for non-conserved and conserved order
parameter models [33], respectively. Both types are in-
deed observed in our numerical simulations. Consider
the order parameter as the relative concentration of the
mF = 0 Zeeman component. In Fig.3(b) one can notice
a rough change of this quantity between early and late
time. In one case, its dynamics is captured with the non-
conserved model and the re-scaled correlation lengths in
Fig.3(c) confirm it. In the other case, the best fit to its
scaling dynamics comes from the conserved model. This
is demonstrated in Fig.3(d). To understand the above
behaviour, it is worth to look at the motorics of the
physical mechanisms. Generally, the early domain dy-
namics is driven by the curvature of domain walls, while
the domain coarsening is caused by the reduction of the
total wall area. These processes evolve. Once the num-
ber of domains becomes diminished, the order parameter
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FIG. 4. (a) The correlation length versus time for q = 0.5
and the magnetization values given in the legend. The dashed
line indicates scaling ∼ (t/lnt)1/4, while the dot-dashed one
∼ t2/3. (b) The inverse of scaling exponent z−1d versus mag-
netization extracted at the long times from fitting the data
shown in (a). The fitting functions are ∼ t1/zd (open points)
and ∼ (t/lnt)1/zd (closed points).
is conserved approximately in the domain bulk as shown
in Fig.3(b), and so the change of the walls’ curvature
becomes possible only through diffusive transport.
Role of magnetization.– A character of the system
smoothly transforms to the binary mixture when the
magnetization value decreases at relatively low q. The
mF = 0 component becomes macroscopically occupied
at the longer time scale, while the remaining two compo-
nents are occupied marginally, both to almost the same
extent. For the purposes of the dynamics one can ex-
pect that the properties of atoms remaining in mF = ±1
components become identical. The system starts then
to behave as binary mixture composed of two species
of atoms: these in the mF = 0 state and those in the
mF = ±1 treated together as the second species. The
variation in the scaling law in time, shown in Fig. 4 for
q = 0.5, confirms that there are mutually contradictory
mechanisms, which are competitive with each other and
have not been fully canceled at earlier times. Therefore,
various values of the growth exponent have opportunity
to form themself, leading to zd → 3/2 when M → 0.
In an effective binary mixture regime.– In the binary
model H a fluid flow contributes to the transport of the
order parameter [1]. That is why hydrodynamic pro-
cesses like inertial or viscous growth along with diffu-
sion mechanism are included. Each mechanism domi-
nates at different stages of domains formation, and ulti-
mately only one wins on the longest time scales. The H
model predicts the following scaling laws: ∼ t1/3 when
the diffusive transport of the order parameter is dom-
inant, ∼ t2/3 when the inertia of fluids are important
and ∼ t1 if the viscous process wins [1, 17]. The two
first scaling laws are observed by us on the longest time
scales depending on the value of q. This is illustrated in
Fig.5, where the transition from diffusive to inertial hy-
drodynamic scaling laws is clearly visible. In order to es-
timate their boundary one should determine the relation
between the average domain wall width and the width of
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FIG. 5. (a) The correlation length versus time for M = 0
exhibits two different scaling laws depending on the q value.
Here examples are q = 0.5 (blue solid line) and q = 1 (black
solid line). The scaling ∼ t2/3 is marked by the orange dot-
dashed line, while ∼ t1/3 by the orange dashed line. (b) The
inverse of scaling exponent z−1d versus q is extracted at long
times by fitting the function ∼ t1/zd to numerical data. The
vertical thick gray line shows estimated values of the threshold
points qth = 0.62.
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FIG. 6. The fraction N−1/N in the mean-field ground
state [34], shown by color, versus M/N and q. The top
edge of white area, which is restricted by relation qc =
1 −
√
1− (M/N)2, determines where the critical transition
takes place. The solid line marks the border between the H
and B models estimated by the condition N−1/N = 0.025.
The dashed line is the transition point qth where the two dif-
ferent scaling exponents applie for the model H. The numbers
indicate the dynamical critical exponents.
the phase domain itself. If the size of the phase domain
is the dominant one, then diffusion transport will rule
the physics in the system. Such reasoning has much in
common with classical fluid flow, which in a wide vessel
undergoes a diffusion mechanism, and in a narrow vessel
– hydrodynamics.
To proceed, let us take the fractional volume occu-
pied by the ground state phase ρ0, composed of spin
domains, i.e. x0(q) = 1 −
q1
q . The formula can be
established from analysis of equilibrium conditions for
the coexistence of 2C and ρ0 phases [31]. The wall
width between these phases turns out to be set by the
q-dependent healing length ξ2C which can be estimated
by expanding the Bogoliubov dispersion relation of the
mF = 0 Zeeman component in powers of small momen-
tum k. Thus, ǫ
(0)
k = c2ρ
√
(ξ2sk
2 + 1− q)2 − (1− 2q) ≈
c2ρq(1+ξ
2
2Ck
2)+O(k4) with ξ22C = ξ
2
s (1−q)/q
2 [31]. The
final relation x0(qth) ≈ ξ
2
2C/ξ
2
S gives the desired condi-
tion for the transition point qth between the two different
scaling laws, which is 1− q1qth ≈ (1− qth)/q
2
th. Whenever
q > qth, the diffusive transport governs domains coarsen-
ing. The estimate qth calculated this way is shown with
the vertical solid line in Fig.5.
How to decide about the model that fit to the whole sys-
tem the most?– Concentration of atoms in a given com-
ponent often gives an intuitive picture what model will
be accurate to determine the scaling. Low concentration
means weak, dilute interactions and the physics similar
to this in quantum gases. Hence, the B model fits. In
turn, high concentration of atoms can stimulate stronger
interactions, the liquid character and thus the hydrody-
namic description. To this, the H model seems to match
the best. The border between the both models can be
deduced by matching when the number of atoms in the
mF = −1 component vanishes, see a gray solid line in
Fig.6. The vector field model is realized below this bor-
der line N−1(M, q)/N → 0, while the binary mixture
model above it. The change between the two regions is
smooth and so the dynamical critical exponent does not
perfectly reflect the particular model all around the bor-
der line.
Conclusions.– The antiferromagnetic spin-1 conden-
sate capture the universal two-model feature of the phase
ordering kinetics. The system parameters (q, M/N) set
the physics and determine the dynamical scaling expo-
nent corresponding to the model H or B. Switching be-
tween models by changing the initial state or the q pa-
rameter is allowed.
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